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Optimal Steady States and the Effects of Discounting
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Norwegian School of Economics and Business Administration
Abstract   A simple expression for finding and characterizing the optimal steady
state of a general dynamic optimization problem is derived. This expression is
easy to interpret and easy to apply for various purposes as, for example, to ana-
lytically investigate the effect of the discount rate upon optimal steady state stock
levels. It is shown that an increase in the discount rate may result in higher opti-
mal stock levels even in the one-dimensional (single species) case in nonlinear
models. An important result is that if demand is inelastic at the optimal steady
state, a higher discount rate will unequivocally imply higher standing stock(s).
Increasing marginal cost of harvest will further strengthen this result. In the
multidimensional case it is demonstrated that an increased discount rate may
result in higher optimal stock levels for all stocks included in the model.
Key words   Bioeconomic modeling, discounting, steady state analysis.
Introduction
The aim of the present paper, which is primarily concerned with management of re-
newable natural capital stocks, is twofold. First, a simplified condition for an opti-
mal steady state for multidimensional models is presented. This condition turns out
to be easy to interpret and easy to apply for various purposes. Second, this approach
is used to investigate the effects of a change in the discount rate on the optimal
steady state. It is a widely held belief that in most cases an increase in the discount
rate implies a reduction in the optimal standing stock (Clark 1973). This result has
been modified by using multidimensional models. Hannesson has done this by using
multispecies modeling (Hannesson 1983) and by taking capital dynamics into ac-
count (Hannesson 1987). The second point has also been shown by Farzin (1984) for
exhaustible resources. In both cases the results are based on models with more than
one state variable.
In this paper an analytical expression is derived for analyzing the effect of the
discount rate upon the standing stock for a general case. It is shown that the conclu-
sion that a higher discount rate implies a smaller standing stock in the one-dimen-
sional case is critically dependent upon a model where the objective function (net
benefit) is linear in harvest; that is, models with constant prices and constant mar-
ginal cost of effort. As soon as nonlinearity is introduced, for example through
downward sloping demand or increasing marginal cost, this result may be reversed.
In other words, in nonlinear models a higher discount rate may imply a higher stand-
ing stock even in the one-dimensional case; that is, without taking capital dynamics
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or multispecies considerations into account. It is also shown that in multispecies
models this may happen for all stocks involved.
The Model
The approach is based on a multidimensional model incorporating several interact-
ing natural resources. The interaction may be both of an economic and a biological
nature and it may be completely general. This makes it possible to apply the model
to highly realistic problems.
To be more specific, the model is based on the following dynamic optimization
problem
max [ ( ), ( )] –
h




subject to the constraints
˙ () – ,() xf x x == hx0 0 (2)
where x and h are N-dimensional vectors denoting the size of and the yield from
each of the N resource stocks, respectively. In equations (1) and (2), II denotes net
benefit at time t, r is the discount rate, and f(x) = {fi(x)} is the natural growth of the
respective resources.1 The functions II and f may be completely general. As II is a
completely general function, it may represent the producers’ surplus, the consumers’
surplus, the sum of the two, or any other preferred measure of social benefit.
The natural growth of each resource is supposed to depend arbitrarily also on
the level of all other resources. If the model is restricted to II being quadratic in h,
optimal harvest can be found as explicit feedback control laws given analytically.
For the single-species case such feedback controls are derived using a deterministic
model in Sandal and Steinshamn (1997b) and using a stochastic model in Sandal and
Steinshamn (1997a).
In order to derive the condition for the optimal steady state of this system, it is
useful to introduce some notions that will be applied in the following.
DEFINITION 1. Sustainable rent, S, is defined by
S(x) ≡  II [x, f(x)].
In other words, sustainable economic rent is defined as the net benefit when all
resources are fixed at a certain level, that is, only the natural growth is being har-
vested, h = f(x), no matter what this stock level is.





II x h () (,) , () =
∂
∂
=   i = 1 … N
1 Dots are used to denote time derivatives. That is,  ˙ xd x d t ≡ .Steady States and Discounting 97
In other words, µ i is the marginal increase in net benefit of a unit harvest from
stock i when all resources are fixed at a certain level, and µ  is the vector of all
shadow values. The current value Hamiltonian for the optimization problem de-
scribed by equations (1) and (2) is
Hx h mI I x h mf x h k
k
N
kk ≡= + ⋅
=
∑ (,, ) (, ) [ ()– ]
1
(3)
where m is the vector of current value costate variables. The first-order conditions
for optimum are given by
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see, for example, Clark (1990). The optimal steady state is, by definition, a station-
ary point, and stationary points are characterized by  ˙ x =  ˙ h =  ˙ m = 0. This implies
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However, the right-hand-side of equation (7) can be rewritten ∂ S/∂ xk from the defini-









k µ ,   k = 1, …, N
This condition can be restated in the following theorem.
THEOREM 1. Whenever the optimization problem given by equations (1) and (2)
has an interior solution, the optimal steady state is characterized by
∇= Sr µ (8)
In the case of multiple solutions, choose the one that yields the highest value of S.
The first-order condition in theorem 1 is easily interpreted. The gradient on the
left-hand-side represents the marginal change in the sustainable rent due to marginal
changes in the stock levels, that is, the marginal net benefit due to marginal changes
in the stock levels given that the stocks are fixed both before and after the changes.
The right-hand-side represents the alternative rate of return these changes can earn.Sandal and Steinshamn 98
In the case of multiple solutions the x and h vectors derived from solving equation
(8) are all candidates for optimal steady states. Why, then, do we choose the one that
yields the highest S? This is obvious with a zero discount rate. In the following we
explain why it is optimal also with a positive discount rate. The symmetrical case is
separated from the general case. The symmetrical case is defined as the case where
m is a gradient such that it is possible to find path-independent integrals, whereas in
the general case m is not a gradient and it is not possible to find path-independent
integrals.
In the symmetrical case, the optimum condition can be thought of as the global
maximum of the steady-state profit function,  ˜ S , defined as
˜() () – () () – () , Sx Sx r zd z Sx r x
a
x
=≡= ∇ ∫ µµ ΦΦ   
This function is useful because it is a single function that has to be maximized in
order to derive the optimum condition in equation (8). It is easily seen that the criti-
cal points on  ˜ S  correspond to solutions of equation (8). In addition this function has
a straightforward interpretation. The interpretation of  ˜ S  is as follows: Φ  represents
an investment in the stock by not harvesting, and rΦ  is the alternative rate of return
or, rather, the opportunity cost of this investment. The integral ∫ µ dx can be inter-
preted as the total value of an investment in the stock over a certain interval if the
stock is allowed to grow at its natural rate f; that is, when h = 0. The alternative rate
of return on this investment is r. As S represents the return of the stock when fixing
it at a certain level, optimal behavior consists of maximizing the difference between
the return of the stock and the opportunity cost of investment in the stock. There-
fore, at the optimal steady-state  ˜ S  is concave; that is,  ˜′′ S (x) < 0. The rule for choos-
ing the correct candidate, therefore, is to choose the one that maximizes  ˜ S .
DEFINITION 3. Let F be defined as the set of feasible x-values, that is, values of x
that are positive, yield nonnegative f-values, and fulfill any technological con-
straints.
Then the following proposition can be stated:






arg max ˜() .
Unfortunately, the method of maximizing  ˜ S  can only be used in the symmetrical
case. The symmetrical case, however, is rather special, and the probability that the
model is symmetrical is lower the higher the dimensionality of the model. In the
one-dimensional case the model is always symmetrical.
DEFINITION 4. Let G be defined as the set of x-values that fulfill condition (8).
In the general case (which also includes the symmetrical case) we then have:
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As the objective in the general case is to maximize S, the rule for choosing between
possible candidates for optima is to choose the one that yields the highest S-value
given that the candidates belong to the subset F ∩  G. The optimal value of S with a
positive discount rate may be far away from the global, unconstrained maximum of
S. In practice we first find possible candidates among those that solve equation (8).
This guarantees that the candidates belong to the subset G. Then we exclude all can-
didates that are not feasible because x is nonpositive, f is negative, or some techno-
logical constraints are not fulfilled. This guarantees that the candidates belong to the
subset F. Finally, the remaining candidates are substituted into S, and the one that
yields the highest S-value is chosen. In the case that several candidates yield the
same S-value, we are in principle indifferent between these unless further restric-
tions are imposed.
Application and Results
In this section some results based on both special and more general versions of the
model are derived. In particular, we concentrate on the comparative static question
of how a change in the discount rate affects the optimal stock level. The optimal
standing stock can be regarded as a function of the discount rate. With this is mind,
differentiating the first-order condition with respect to the discount rate for a single
stock yields
′′ ⋅ ′ =+ ′ ⋅ ′ Sx x r x r x x r () () () () () µµ












A higher discount rate is usually associated with a smaller optimal stock level in the
traditional linear models. Whether the optimal stock level increases or decreases
with the discount rate, however, depends on the sign of x′ . The denominator of the
expression in equation (9) is equal to  ′′ ˜ S (x), and hence it is negative due to the sec-
ond-order conditions. Therefore, x′  will always have the opposite sign of µ . This is
illustrated in figure 1.
For a single stock the first-order condition can be written
S′ (x) = rµ (x) (10)
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which is a well-known result from optimal control theory, see, e.g., Clark (1990). In
general, µ  can have both signs, and hence x′ (r) can have both signs. In other words,
it is possible that the optimal stock level may increase with an increase in the dis-
count rate, even in the single-species case.
In the multidimensional case the calculations are as follows. Taking the deriva-
tive with respect to r yields
(S″  – rM)x′  = µ
where S″  is the Hessian matrix of the sustainable rent, S, and the matrix M is de-
fined by Mij = ∂µ i/∂ xj at optimum. This may be rewritten as
(S″  – rB – rA) x′  = µ
where B is the symmetrical part and A is the antisymmetrical part of M. We then
have
x′ TS1x′  = µ Tx′
where S1 is the symmetrical part, (S″  – rB). This implies that
µµ µ 11 22 0 ′ + ′ +…+ ′ ≤ xx x NN (12)
when S1 is negative semidefinite. It is assumed that this holds. This is secured at
Figure 1.   A Typical S-Curve and Optimal Steady States
(At x* we have µ  > 0 and an increase in r implies a steeper rµ  curve
and hence a smaller stock.  At x** we have µ  < 0.  an increase in r
still implies a steeper rµ  curve and hence a larger standing stock).Steady States and Discounting 101
least if the discount rate is small and the sustainable rent, S, is strictly concave at the
optimal steady state. From equation (12) it is seen that if all µ  are positive, then at
least one x′  has to be negative, and if all µ  are negative then at least one x′  has to be
positive. Furthermore, µ i and  ′ xi  cannot have the same sign for all i, that is for all
stocks in question.
In the following, the model above is used to analyze some special cases. By
separating one-dimensional models from multidimensional, and linear models from
nonlinear, we arrive at four cases to investigate. Linearity in this context refers to
the dependence of net benefit, II, upon harvest, h.
First, take a look at the linear, one-dimensional case. In the case with only one
stock and where II is linear in h, µ  represents the net average value of a unit har-
vested from the resource stock as well as the marginal value. This has to be positive
for harvesting to take place. If µ  is negative, the net benefit will be negative as well,
and no harvesting will take place in this case. As µ  > 0, x′ (r) < 0 from equation (9).
This can also be seen as a special case of equation (12). In other words, in the one-
dimensional linear case, an increase in the discount rate will always result in a lower
optimal stock level. This has been pointed out many times before, and the result has
often been unduly generalized. As an example of this case let net benefit be given by
II(x, h) = ph – c(x)h
It is then a trivial task to find
µ (x) = p – c(x),
substitute these into equation (8) and calculate the optimal x-value when f is known.
It is easily seen that II is negative whenever µ  is negative. Note also that whether
costs, c, are stock dependent or not does not critically affect the results.
Next we look at the linear, multidimensional case. With several interacting
stocks, whether the interaction is biological or economic, µ  still represents the net
average value of a unit harvested. In this case, however, µ  is not necessarily positive
for all stocks that are harvested because it may be worthwhile to harvest a resource
even if this is not profitably isolated. Profits will be negative for this particular
stock, but ecological considerations may, nevertheless, call for subsidized harvest-
ing, e.g., of predators with low value. Therefore, an increase in the discount rate
may result in a higher optimal stock level for the stocks with a negative µ . This
point is also analyzed by Hannesson (1983). It cannot be the case for all stocks in
question, as the total net benefit from all stocks have to be positive, nor can it be the
case for a group of noninteracting stocks.
With a nonlinear net benefit function, the same result, namely that an increase
in the discount rate may result in a higher optimal steady-state stock level, may be
derived even from a one-dimensional model. In this case µ  is no longer the net aver-
age value of harvest though it is still the net marginal value. This may be negative in
optimum even if the net average value is positive. The net average value has to be
positive in order for harvesting to take place. The intuition behind this is as follows.
Suppose we are to the right of MSY (as a function of the stock) and for that reason a
higher stock calls for lower harvest in steady state.2 An increase in the discount rate
means that the opportunity cost of investing the resource in the ground has increased
(the best alternative rate of return has become relatively higher). Therefore, optimal
behavior calls for a higher economic yield from the resource. Due to the nonlinear-
2 Maximum Sustainable Yield (MSY) is defined by f′ (x) = 0.Sandal and Steinshamn 102
ity, however, economic yield is not necessarily proportional to biological yield. In a
linear model (constant prices and constant marginal cost of effort) economic yield
increases with the biological yield (harvest) and, therefore, higher yield means a
lower stock because we are to the right of MSY. If, on the other hand, there is non-
linearity in the form of downward sloping demand, higher economic yield may call
for lower harvest because the price increases so much that it outweighs the reduced
harvest. This effect is further strengthened when, for example, the demand elasticity
decreases with the stock level. A numerical example of this is given in the next sec-
tion.
An example of the one-dimensional, nonlinear case is
II(x, h) = p(x, h) h – c (x, h).
We then have
S(x) = p(x, f) f – c (x, f)
and
































which can be substituted into equation (8).3 It is seen from equation (13) that µ  will
be negative when demand is inelastic as ∂ c/∂ h is usually nonnegative and price is
positive. The most likely situation in which this may happen is when demand elas-
ticity is decreasing with the stock level. Note also that µ  may be negative even if
demand is elastic due to the second term ∂ c/∂ h.
The most general case is the multidimensional, nonlinear model. In this case
both effects from the two previous cases may be present simultaneously. The main
difference between the linear and the nonlinear multidimensional model is that in
the nonlinear case an increase in the discount rate may result in a higher level of all
stocks in the model. This may, of course, also occur for a group of noninteracting
stocks, which could not be the case in a linear model unless capital dynamics is
taken into account.
Numerical Example
This section provides two numerical examples of how an increase in the discount
rate may result in a higher optimal stock. First an example of the one-dimensional
case is presented and then an example of the multidimensional case.
One-Dimensional Case
In the one-dimensional case the following net benefit function is applied
II = p(x, h) h – c (x, h)
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where p is the price per unit harvested, and c is the cost function. Assume that the
inverse demand function is given by
p (x, h) = a – b (x)h,












Note that the slope of the demand curve is a function of the stock level. If b′  > 0,
that is, if demand becomes more inelastic as the stock increases, then µ  may very
well be negative in this example. An example of a case in which demand becomes
more and more inelastic with an increasing stock size may, for example, be the case
where higher availability of fish makes it easier for people to fish their own dinner,
and thus makes demand more inelastic. This happens when most people fish their
own dinner when the availability is high enough, with the exception of a certain,
fixed section of the market.
The numerical specification of the model is a = 1, b = 3x, k = 0.2 and f = x(1 – x).
The stock is rescaled to vary between zero and one; that is, it is measured as a per-
centage of the carrying capacity. With a zero discount rate the optimal stock level is
0.782 and optimal harvest is 0.171. With a 10% discount rate, the optimal stock
level is 0.788 and the optimal harvest is 0.167. In other words, an increased discount
rate results in a higher standing stock and a lower harvest. The intuition behind this
is that in an optimal steady state, the marginal value of a unit of the stock should be
the same regardless of whether it is harvested and the yield invested to earn an alter-
native rate of return, r, or left alone to grow at the natural rate. In this example, the
marginal value of a unit is negative at the steady state. Therefore, an increase in the
discount rate calls for a reduced harvest, which makes the marginal value higher.
This results in an increased stock at the new optimal steady state.
Multidimensional Case
In the second example, we look at a predator-prey model where x1 is prey and x2 is
the predator. The model is characterized as follows
˙ (– ) ( .– ) – xx x xh 11 1 2 1 11 1 =
˙ .( – .) . – xx xx h 22 21 2 03 1 08 03 =+
II1 = p1(x1, h1)h1 – c1(x1, h1) = (1 – 5x1h1)h1 – 0.25h1/x1
II2 = p2(x2, h2)h2 – c2(x2, h2) = (0.4 – x2h2)h2 – 0.1h2/x2.Sandal and Steinshamn 104
With a zero discount rate, the optimal steady state is given by x1 = 0.5605 and x2 =
0.6741. Further, µ 1 = –0.03 and µ 2 = –0.10. The derivatives with respect to the dis-
count rate are  ′ x1(r) = 0.04 and x2(r) = 0.22. In other words, this example illustrates
that the optimal level of both stocks increases with the discount rate. With a 2% dis-
count rate, the optimal steady state is given by x1 = 0.5609 and x2 = 0.6786.
Summary
Economists have argued that they are more prone to be conservative with respect to
resource management than biologists, because they take the stock-cost effect into
account whereas biologists usually concentrate upon biological yield and MSY. In
this paper, it is shown that economists may also be more conservative when taking
the discount rate into account. This will usually not happen in linear models, but it
may happen in more sophisticated nonlinear models.
In the first part of the paper, a simplified rule to find the optimal steady state in
general dynamic optimization problems is derived in order to investigate the role of
the discount rate analytically. This is done by characterizing the optimal steady state
by a scalar function of the stock levels. This rule is applied in the second part to in-
vestigate the effect of a change in the discount rate upon the optimal steady state
level of a renewable natural capital stock. Linear models are distinguished from
nonlinear ones and one-dimensional models from multidimensional. In particular, it
is found that for linear, one-dimensional models a higher discount rate unequivo-
cally results in a lower stock level, which is consistent with earlier results. The con-
clusion from the linear, one-dimensional case has sometimes tended to be unduly
generalized. Hannesson (1983) pointed out that this effect may not be present in lin-
ear, multidimensional models for some of the stocks in question, a result that is re-
confirmed in this paper. Hannesson (1987) also points out that it may not be present
in linear, multidimensional models where the second state variable is capital, due to
the role of the discount rate as cost of capital. A further result derived in the present
paper is that in nonlinear models a higher discount rate may result in a higher opti-
mal stock level even in the one-dimensional case. Furthermore, in the nonlinear,
multidimensional case, a higher discount rate may result in a higher optimal stock
level for all stocks in question. The rationale behind this is that even though a higher
discount rate calls for a higher out-take in economic terms, this may not imply a
higher out-take in biological terms due to the nonlinearity of the model. For ex-
ample, if demand is inelastic a lower harvest implies higher economic yield and a
lower harvest means a higher stock level if we are to the right of maximum sustain-
able yield (as a function of the stock). When II is a general function of x and h, the
nonlinearities in this function may very well lead to higher optimal stock levels as a
result of an increased discount rate.
The overall conclusion is that the more inelastic demand is, or the greater the
slope of the marginal cost curve, the more likely it is that a higher discount rate im-
plies higher standing stock(s). A sufficient (but not necessary) condition for this is
that demand is inelastic at the optimal steady state.
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